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Conformal Field Theory I

1 Anomalous dimensions

In the free-scalar CF'T with action 1
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the operator V =: exp(ike) : has weights (h,h) = (¢’k?/4,a'k?/4) and dimension A = h + h = o'k?/2.
This is an anomalous dimension which in this exercise we will understand by regularizing.
Set z = o + i1 and take the range

S =

-0 < T <00, 0<o <Vt

replace the segment [0, £] by M lattice sites with £ = Ma and regularize the Lagrangian as
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This problem is usually solved in solid state physics. The eigen-frequencies are
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w; = —sin ——, =0,...,.M —1.
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Compare the operator exp(ik¢,) to the normal ordered operator : exp(ik¢,) : [you may normal-order
by moving all creation operators to the left and annihilation operators to the right], and show that
a~**/? exp(ik¢,) is finite in the limit @ — 0. Deduce the anomalous dimension A = o/k?/2. You will

have to use M .
—CLZ— =log M + O(1).
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2 Conformal symmetry in D > 2
The conformal symmetry group in D > 2 is SO(D + 1,1). These are transformations of the form
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where A is an SO(D) matrix,  is a nonzero scalar, and @ and ¢ are vectors. We will now study this group
of transformations.

e By checking how the metric transforms show that these are conformal transformations.



e The identity transformation is obtained by taking A’; = ¢';, # = ||7]|* — oo and @ = —%. Show that
an infinitesimal conformal transformation takes the form
o' = e(a’ + b2 + fa' + ¢ja’at — éfQCZ),
where b;; = —bj; is an antisymmetric matrix, @, ¢ are vectors, and f is a scalar.

e Let P, J";,S,K; be the operators that generate infinitesimal transformations corresponding to
a', b%;, f, ¢, respectively. Find their commutation relations.

e Show that the above are all the solutions to the conformal Killing equation
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3 Schwarzian derivative

In this exercise we will derive the expression for the Schwarzian derivative {f,z} from its infinitesimal
form:

{f(2),2} = (2) + O()%,  f(2) = 2+ ev(2).
e Behavior under composition: From the transformation properties of the energy momentum tensor
T(z), show that the Schwarzian derivative has to satisfy

{f(9(2), 2} = {9(2), 2} + 4'(2)*{f (9(2)), 9(2)}-

e Assuming that {f, z} is an algebraic expression in f and its derivatives, and assuming the infinitesimal
form of the Schwarzian derivative and its behavior under composition, show that the Schwarzian
derivative has to take the form

{f; Z} — A(f,, fll)flll + B(f,,f”),
where A and B are algebraic expressions.
e From the infinitesimal form of the Schwarzian derivative and its behavior under composition, show
that the Schwarzian derivative of a Mébius (PSL(2,C)) transformation
az+b
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is zero.
e Using the above fact about Mobius transformations, find B(f’, f").

e Using the above fact about Md6bius transformations and the behavior of the Schwarzian derivative
under composition, show that
9(2)

a +b
{maz} ={9(2), 2},

and use this to determine A(f’, f").

Is there a generalization of the Schwarzian derivative that satisfies

{f(9(2) 2} = {9(2), 2} + 9" (2)"{f(9(2). 9(2)},  {z +eu(z), 2} = ™D (2) + O(e*)?



